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Abstract. The convolution inequality h* h(£) < B\£ denned on R™ arises 
from a probabilistic representation of solutions of the rt-dimensional Navier-Stokes 
equations, n > 2. Using a chaining argument, we establish the nonexistence of 
strictly positive fully supported solutions of this inequality if 8 > n/2, in all dimen- 
sions n > 1. We use this result to describe a chain of continuous embeddings from 
spaces associated with probabilistic solutions to the spaces BMO~ x and BMO^ 1 
associated with the Koch-Tataru solutions of the Navier-Stokes equations. 



arise in the analysis of the incompressible Navier-Stokes equations via probabilistic 
representations of solutions. Our main theorem shows that if h : R n — > (0, oo] is a 
fully supported function satisfying (CQ), then the range of the exponent 9 is constrained 
by the dimension n. Letting 'H 6, (R ri ) denote the class of solutions of ([1]) on R™ we 
obtain: 

Theorem 1. If h e H e (R n ), n>\, then 6 < n/2. 

Our study of this inequality is motivated by an effort to better understand the 
structure and limitations of the stochastic cascade representation of solutions to the 
Navier-Stokes equations as first introduced by Le Jan and Sznitman [H] and then 
extended by later authors. Essentially, any h satisfying ([1]) induces a Banach space 
Th (the initial value space) and another space T^t = -3(0, T;^) of bounded Th~ 
valued functions defined on [0,T] (the path space) that supports a Picard iteration 
scheme for establishing existence and uniqueness of solutions of the Navier-Stokes 
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1. Introduction 



Convolution inequalities of the form 



(1) 




h{Z-7))h(r))dr]<B\£\ e h(£), £GR™, 9>0, B>0 
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initial value problem. The function h, which we refer to as a majorizing kernel, 
must be fully supported to correspond to real-valued solutions. Additionally, if the 
particular h inducing J-'h has 9 = 1, then the solutions so obtained are global in time 
under the restriction that the data are sufficiently small. If h has < 9 < 1, then the 
Picard iteration scheme accommodates arbitrarily large data, but the solutions are 
restricted to be local in time; i.e. take values in Th.T where T depends on the size of 
the initial datum in the J-^-norm. In the case 9 = 1 there is a equivalent stochastic 
cascade model providing solutions to the Cauchy problem operative for all t > 0. 

The authors of [3] give examples of majorizing kernels and analyze some properties 
of classes of majorizing kernels. In all cases considered however, the fully supported 
examples with exponent 9 = 1 are in dimensions n > 3. The results presented 
here provide further understanding of this phenomena by demonstrating that there 
are no fully supported solutions with 9 = 1 in R 2 . Correspondingly, there is no 
direct analogue of the global 3-dimensional stochastic cascades model in dimension 
n = 2. On the other hand, the Picard iteration method applied with J-^t, < 9 < 1 
is sufficient to show existence of classes of solutions that are local in time, in any 
dimension n > 2. In other words, Theorem [1] imposes no limitations on these local 
solutions (in any dimension n > 2); it only limits the approach for global solutions 
in dimension n = 2. 

The organization of this paper is as follows. Section [2] reviews the origins and 
importance of the convolution inequality ([1]). Section [3] contains a short proof of 
Theorem [TJ In Section H] we consider the continuous embeddings of certain J 7 ^ into 
the pseudomeasure spaces PM n ~ 9 , which Theorem [TJ plays a role in establishing, as 
well as successive embeddings into Besov spaces and the spaces BMO~ x and BMO^ 1 
associated with the Koch-Tataru solutions. 



2. Background and motivation 

Consider the incompressible Navier-Stokes equations formulated as a Cauchy prob- 
lem on all of R ra where n > 2. This system models the flow of an idealized incompress- 
ible viscous fluid issued from an initial velocity field uq = uq{x) at time t = 0. Di- 
mension n = 3 is of central importance, but the formulation is of interest in arbitrary 
dimension n > 2. The unknowns are the velocity vector u = u(x,t) = (ui(x,t))f =l 
and scalar pressure p = p(x, t), where x = (xi, . . . , x n ). The system consists of n + 1 
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coupled nonlinear equations 

r\ 71 r\ 71 r\ 

. x Ulli , x ^ — > . N UU{ , x v -\ O Vb{ , . Op , / \ 

( 2a ) ^(M) + 2^ W'^a^fo*) = v 2-^-pu?^ x ^ ~ QZ-( x ^) + 9i{x,t), 

3=1 J 3=1 j % 

( 2b ) £a^ (M) = ' 

3=1 3 

supplemented by the initial condition lim^o u(x, t) = uq(x). Here u denotes the kine- 
matic viscosity and g(x,t) = (gi(x,t))™ =1 is an external forcing term. For simplicity 
we may assume that V • Uq{x) = and V • g(x, t) = for all t. 

In 1997 Le Jan and Sznitman [13] introduced a representation of the solutions of 
a Fourier space integral formulation of ([2]) in three spatial dimensions as a multi- 
plicative functional defined on a continuous-time branching process. These Fourier 
transformed Navier- Stokes equations (FNS) may be written 

u(£,t) = e-^floCfl + [ t e-^ 2 ^g^,s)ds 



(3) + (27T)-/ 2 f |£|e-^l 2 ^) / [-ii- ■ u(r], - 17, 

./o Jr" Is I 

where £ = (£i, . . . , £n) is the Fourier space variable, t) denotes the spatial Fourier 
transform of the unknown velocity field (and similarly for t) and Uq(£)), and P(£) 
denotes the Leray-Helmholtz projection whose pointwise action in Fourier space is 
to project a vector z G C n onto the subspace orthogonal to £ 7^ 0: 

P(£)z = z - (e £ ■ z)e e ; e c = — . 

A key device in the R 3 representation in [13] is the dimension specific rescaling of u 
and g, 

2 /7T\ 3/2 4 /7T\ 3/2 

*) = -(|) lei 2 ^,*), ^t) = -[-) g&t), 

which allows the simultaneous description of a 'splitting distribution' for a pair of 
particles {Hj,^} replacing £ in the branching process, namely 

(4) p T (Z l eA) = - [ £j- d7?> ACR 3 , i = 1,2, S x + ~ 2 = £, 

and the normalization of |£| exp{— z/|£| 2 s} to the density of an exponential random 
variable describing the random lifetime of the particle of type £ so replaced. 

Details of this construction may be found in [13], [3]; extensions may be found 
in |3], 0, [9], PB], [18], PS]. Related analytical papers are [2], [12], [20], [21], [22]. 
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Figure 1 . A schematic illustration of the branching process and the 
construction of X(£, t): a particle of type £ = lives for a random 
length of time X^Sg and then dies out. Depending on the outcome of 
a Bernoulli random variable with mean 1/2, it is either not replaced 
at all or replaced by two correlated particles Si and S 2 distributed 
as (jlj), or more generally (jSJ). The two new particles in turn live for 
independent random lifetimes, and so the process continues. There 
are two types of nodes: input nodes (o) accept data when a particle 
dies out without replacement or when its lifetime extends below the 
horizontal axis at time t — 0. Operational nodes (•) combine data 
according to z, w >->■ m(E v )z £g) Hv w and send the output upward. Here 
m(£) is a multiplicative factor that arises from the rescaling of u by h, 
\ = H£| 2 > v 1) 2, 11, • • • }, and Sg, Si, S 2 , ■ ■ ■ are i.i.d. standard 
exponential random variables. 

Essentially the solution is represented in the form of an expected value 



where h(£) = vr~ 3 |£|~ 2 solves the convolution equation h * h(£) = \£\h(£) on R 3 and 
X(^, t) is defined by a backward recursion arising from a probabilistic interpretation 
of the rescaled formulation of ([3]). Figure [1] illustrates the branching process and the 
construction of the multiplicative functional X(£, t). The (^-operation performed at 
each of the binary nodes in the branching process encodes the algebraic structure of 
the bilinear term on the right hand side of ([3]): for two vectors z,w G C 3 we define 
z^«)6C 3 byz^w) = —i[z ■ e^]P(^)w. 

This representation provides existence and uniqueness results for the solutions of 
([3]) in the space of pseudomeasures (PM 2 ) 3 . The scale of pseudomeasure spaces is 



(5) 



u(U) = M£)EX(£,t) 
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defined by 

(6) PM a = {f G S'(R n ) : / G LL(R n ), ||/; PM1 = esssup |£| a |/(0l < °c} 

where a > is a given parameter and iS'(R n ) denotes the space temperate distri- 
butions on R n . Alternatively, the spaces PM a may be regarded as homogeneous 
Besov-type spaces based on the classical space of pseudomeasures PM = PM°: 

PM a = B a p ™ = {fe S'(R n ) : sup jez 2^||A i /|| PM < oo}. 

Here Ajf is the jth dyadic block of the Littlewood-Paley decomposition of /. 

Returning to the stochastic cascade, it was later recognized [6] that the same 
existence and uniqueness results could be obtained by applying the Picard itera- 
tion argument with the Banach space B(0,T; (PM 2 ) 3 ) of bounded functions f(t) : 
[0,T] — > (PM 2 ) 3 . This argument is notable for the continuity of 

(7) B = B(w, v)(x, t) = [ e" (1 " s)A PV ■ (u® v)(s)ds. 

Jo 

That is, B : E x E — > E is continuous if E = B(0, T; (PM 2 ) 3 ) but it is not continuous 
in general, in which case the Picard iteration argument typically requires the use of 
an embedded subspace with a second norm, see e.g. [U p. 220], [7], [16] . 

The authors of [3] generalize this approach by showing that the h in (J55 may belong 
to a more general class of FNS majorizing kernels which are positive solutions of ([T]) 
parameterized by the exponent 9. There are two natural Banach spaces associated 
with a given majorizing kernel. The first is the majorization space 

T h = {/ g <S'(RT : /(C) e AURT, II/; ^11 = sup < °°}- 

The initial data for the Cauchy problem belongs to this space. The second is the 
path space which contains the solutions: T^t = B(0, T; Fh) denotes the bounded 
J-^-valued functions defined on the interval [0, T] with norm 

||/(t);^,T|| = sup ||/(t);^||. 

0<t<T 

It turns out that B : y x J~h t T ^ Fh,T is again continuous for any majorizing ker- 
nel of exponent < 9 < 1, and the Picard iteration argument is directly applicable 
without the introduction of a second norm. This yields global existence and unique- 
ness results in the case 9 = 1 (with small data) and local existence and uniqueness 
results in the case < 9 < 1 (with arbitrarily large data). The argument works for 
the FNS equations formulated in any dimensions n > 2 subject to the constraint 
9 < n/2 of Theorem [TJ 
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For majorizing kernels with exponent 6 = 1, the Picard iteration scheme can be 
connected to stochastic cascades as follows. A solution h of (pQ) provides the following 
splitting distribution for a branching process generalizing @: 

(8) Prfr 6 A) = / H l ~y ACR", E 1 + E 2 = e 

This specializes to (j4j) in dimension n = 3 with h(£) = ?r 3 1 ^ | 2 - For the more 
general branching processes and X(£,i) defined accordingly, one can define a se- 
quence of events {Gk}k>o pertaining to the branching process so that the sequence 
E(X(£, i); Gk) and the iterates of the Picard contraction argument are in one-to-one 
correspondence. This is established in [3] with the conclusion that for global solutions 
with 6 = 1, the existence of the expected value representation and the convergence 
of the Picard iteration scheme are essentially equivalent. 

3. Main theorem 

The majorizing kernels considered in [3] are allowed to be supported on various 
convex additive semigroups W C R n . Here however we focus entirely on fully sup- 
ported majorizing kernels: those h with j A h(£)d£ > for all subsets A C R n having 
positive Lebesgue measure. Fully supported majorizing kernels correspond to ma- 
jorization spaces and J-^t that contain real data and solutions. 

Definition 2. A majorizing kernel with exponent 6 is a tempered function (a tem- 
pered distribution that is also a function) h : R n — > (0, oo] satisfying the following 
conditions: 

(i) h * h{£) < B\£\ h(£) for all £ G R n with constants B > and 6 > 0; 

(ii) h~ 1 (oc) has n-dimensional Lebesgue measure zero. 

We set tt h = R n \ /r^oo). If B is such that sup ? h * fc(0/lfl fl M0 = B > then B ls 
sharp. If B = 1 is sharp then h is standardized. 

The set of majorizing kernels of exponent 6 defined on R n is denoted "H e (R n ). It 
is possible for a given majorizing kernel to have a range of exponents. 

The invertible map h (->■ B~ 1 h on < H e (R n ) has the effect of standardizing any 
non-standardized majorizing kernel with sharp constant B; hence for the purpose of 
proving Theorem [1] we assume, without loss of generality, that h is standardized. We 
also make this assumption in the proofs of the lemmas in this section. 

Lemma 3. Let h G H 6 '(R n ), 6 > 0. Then for all R > 0, h(£) is bounded away from 
zero on the closed ballB(0,R) = {^6R": |f| < R}. 
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Proof. We assume that h is standardized. Fix R > 0, and define a(£) : R n — > [0, 1] 
by restricting and truncating MO : 



MO = 



ift<£B(p,R), 
min{/i(0,l} iiteB(p,R). 

Since _M£) > a(£) > for all £ G R n , we have /i * MO > a * a(£) > as well. Let 
£o e B(0,R), the closed ball. Since < g(£) < 1 on B(£ /2,R/2) C B(0,R), it 
follows that 

J\r)\<R/2 1 * 

In other words, for J = g * g(B(0, R)) we have J C (0, oo). But since g G L 2 (R n ) it 
follows that g * a(£) is continuous on R n , hence J is compact and connected, i.e., J 
is a closed subinterval of (0, oo) that is necessarily bounded away from zero. Then 
on B(0, R) we have 

mo > \zr d h * mo > \zr e 9 * <?(o > R~ e g * mo, 

giving that MO * s a l so bounded away from zero on B(0, R). □ 

Corollary 4. 7/ h G H e (R n ), 6 > inen /or a// £ e £ ^ tnere ezis* 
5 = <5(£o) > and e = e(£o) > sncn i/iai inf^|<5 M£o — n) > eh(£o). 

In the following two lemmas B*(r) = {£ G R n : < |£| < r} denotes the punctured 
ball of radius r > in R™ centered at the origin. 

Lemma 5. Suppose MO e ^ 9 (R n ) with 9 > n/2. Then MO ^ e following 
behavior at the origin: either liminf^o |£| e M0 = or liminf^o |£| e M0 = °°- 

Proof Assume h is standardized. Suppose that liminf^o |£| e M0 > 0. Then for 
some L > there exists a 5 > such that |£| e M0 > ^ for a11 £ G Then for 

L 2 dn 



|e| tf M0> / HvMt - ri)dri > J 
\v\<s/2 \v\<s/2 

Applying Fatou's Lemma with any convergent sequence — >■ gives 

L 2 di] f L 2 dr] 



liminf |£ n | 9 M£ ra ) — / liminf 

Cn->o J £ n ->0 



«H£n-n| e 7 |n 

\Vi\<8/2 \v\<8/2 



20 



= OO. 



□ 



Lemma 6. If h G % e (R n ) and > n/2 then liminf c _> If | e M0 ^ oo. 
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Proof. Fix n > 1 and take 9 > n/2. Suppose for contradiction that there exists 
h G "H e (R n ) with liminf^o ICI "(0 = °°- We may assume h is standardized. For 
x > 0, let 

p(x) = sup{r > : \Z\ e h(£) > x V£ G 5*(r)}. 

Notice that p is a non-increasing function of x with lim^oo p(x) = 0. Furthermore, 
for any £ G B*(p(x)/2), 

\z\ 6 m>! h( V )h(z- V )d V > I f d V 

J\n\<p(x)/2 J\n\< P (x)/2 \V\ I? -r 7l 

(9) > / ^ 

[P^)] 6 J\v\<p(*)/2 M" 

The cases 9 > n and n/2 < 9 < n, are now considered separately. We can easily 
dispense with the first case. If 9 > n and p(x) > 0, then J^ <p ^ x y 2 M -6 ^ 7 ? = °°; 
giving e oo on B*(p(x)/2) and violating Definition |2j Therefore if /i G H 6 '(R n ) 
and 9 >n then liminfg_^o MO 7^ oo. 

For 6* G [n/2,n), the calculation in OH]) gives 

(10) \^h(0>C n , e x 2 [p(x)r- 2e for £ G B*(p(x)/2) 

where C n , e = 7r n / 2 ((n - ^)2 n - e r(n/2))~ 1 depends only on n and This will give a 
lower bound on the rate at which — > oo as |£| — >■ 0. In particular if we define 

A(x) = C n , e [p(x)]"- 2e , 

then inspection of ( TTUl) gives 

(11) p(x 2 A(x)) > 2 -1 p(a0. 

We now define a rapidly increasing sequence {xk} iteratively in a way that allows 
inequality (fTTj) to control the corresponding decrease in p(xk). This will yield a 
contradiction with the assumption that liminf^o \£,\ e h(!;) = oo. First observe that 
for n/2 < 9 < n, X(x) is a non- decreasing function of x with A(x) — >■ oo as x — > oo. 
If 9 = n/2 then A(x) = C„ >n/2 = 2(7r/2) n / 2 (nr(n/2)) _1 . Accordingly these two cases 
are treated separately in defining {xk}. For 9 G (n/2,n), fix i > 2 large enough to 
also have A(xo) > 2 and define {xk}k>i iteratively via 

Xk = ^fc_iA(xfe_i) for k > 1. 

Then xi > 2xq > 2 3 and by induction, 

x fc > 2xU > 2 2k+1 ~\ 

For 9 = n/2, take x = max{2, 2(C njn / 2 ) -1 } and define {xk}k>i iteratively via 

x k = C n ^i 2 x\_ x = xl^Xixk-i) for k > 1. 
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Then X\ = max{2 2 C nin / 2 , 2 2 (C n:n / 2 )~ 1 } and by induction, 

x k = max{2 2fc (C7 n , n/2 ) 2fc - 1 ,2 2fc (L7 n , n/2 )- 1 }. 
Since max{(C n)ri /2) 2 -1 , (C nin /2) -1 } > 1, in both cases the sequence satisfies both 

(12) x k >2 2 \ k > 
and 

(13) x k = x 2 _ 1 A(x fe _i), k>l. 

In particular (fT2l gives p(x k ) — )■ as k — >■ oo. On the other hand ({TBI combined 
with ( ITTj) controls the rate of decrease of p(£fc) via 

p(^) > 2~V(a:fc-i) > 2~ fc p(^o)- 

To conclude the proof, fix £ £ £o 7^ 0. By Corollary @] there exists 5, e > 
such that inf^i^ h(£ — 77) > eh(£o). Take k large enough to have p(x k ) < 5. Then 

|&A(fo)> y h( V )h(£o-v)dv > eh(£ ) J h(n)d V 

\r)\<p(%k) \v\<p(xk) 

(14) > ehfa) J ^d V = eh(to)C' n>e x kP n - e (x k ) 

H<p(xk) 

> ^o)C' n ,2 2k (2~ k p(x )) n - 6 

where C' n e = 2 n ~ e C n ^ depends only on n and 9. As the right-hand side of ffl4l) 
becomes arbitrarily large as k — > oo, contradicting the finiteness of the left-hand 
side, we conclude that if h G U 9 (R n ) with 9 > n/2 then liminf^ \£\ 6 HQ ^ °°- n 

Proof of Theorem^ Suppose for contradiction h G H e (R n ) with 9 > n/2. Assume 
h is standardized. By Lemmas \5\ and El liminf^ = 0. Applying Fatou's 

Lemma we find 



= liminf |£r/i(0 > liminf / hMhtt - r])dr] 



> / h(rj) liminf h(£ — rj)drj = / h{rj) liminf h(£)dr], 



implying that for almost all r] G R n 

(15) %) liminf h{£) = 0. 
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In particular this holds for almost all r\ G R n such that —77 G For any such 
— 77 G Qh, h(£) is bounded away from zero in a neighborhood of — rj by Corollary H] 
and since h{rj) > for all 77, 

/i(/7) liminf > 0. 

£->~i7 

This contradicts (IT51) . Therefore if > n/2 then 'H 6, (R ra ) = 0, or equivalently, if 
h G ^ e (R n ) then 9 < n/2. □ 



4. Embedding properties and relation to Koch-Tataru solutions 

In this section we discuss properties of majorizing kernels and majorization spaces 
implied by Theorem [TJ One consequence in particular, is that for a given majorizing 
kernel that behaves algebraically at the origin and at infinity we have the continuous 
embedding Th c — >• PM n ~ e (a slight modification is needed if 9 = 0). This is part of 
a chain of continuous embeddings from Th up to the spaces BMO -1 , BMO^ 1 and 
VMO~ l , the initial value spaces for the Koch-Tataru solutions of the Navier-Stokes 
equations. If 9 = 1 then we have 

7 h PM n - x Bp BA/tr 1 (n < p < 00), 

and if < # < 1 then for < T < 1 we have 

T h ^PM n - Q ^B v v ^ B p p ' ^ BMO? 1 (-<p<oo). 

9 

Here, as in the sequel, it is convenient to ignore the distinction between spaces of 
scalar-valued and vector-valued functions. We follow the index convention in [TTJ 
for the homogeneous and inhomogeneous Besov spaces, Bp ,g and B S V A respectively. 
Although the successive embeddings after Tu c -> PM n ~ e are known, we record them 
here for completeness and to emphasize how the dichotomy between cases 9 < 1 and 
9 = 1 aligns with the dichotomy between local and global solutions in the endpoint 
spaces. Finally, we note that there are majorization spaces JFh <t- PM n ~ e that embed 
further along these chains. Proposition [17] illustrates how this can occur. Since the 
class of majorizing kernels has itself not been completely characterized we are not 
able to locate all majorization spaces on scales of classical or better known Banach 
spaces. 

4.1. The endpoint spaces. Recall that Koch and Tataru [13] consider the iteration 
scheme for solving the mild formulation of the Navier-Stokes equations in the largest 
critical space of tempered distributions subject to the condition that e tA Uo belong to 
Lf oc (R n x [0, 00)) so that the bilinear term makes sense. This is the function space 
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BMO = BMO (R n ) admitting a Carleson measure characterization through the 
norm 

1 



R 2 r \ V2 



| BMO -i = sup I J / / \e tA f\ 2 dydt 
x,r>o \\£>{x, rC)\ Jo Jb{x,r) 

Here B(x,R) denotes the ball of radius R centered at x G R n , and \B(x, R)\ is its 

Lebesgue measure. Equivalently, BMO' 1 consists of functions that can be written 

as the divergence of vector fields whose components belong to BMO, the space of 

functions of bounded mean oscillation. 

In [T3] it is shown that given sufficiently small initial datum uq G BMO' 1 , there 

exists a mild solution of the Navier-Stokes equations issued from uq in the path space 

X of functions defined on R ra x R + with norm 

||u||x = supt 1/2 ||u(t)|| LO o( R n) + sup — — — / / \u\ 2 dydt\ . 
t x ,r>o \\r>{x,K)\ J J B (x,R) J 

It is also shown that there exists a constant Eq such that for all llwollsMOy 1 < £o 
there exists a mild solution in the local path space Xj<, defined by the norm 

\\u\\ Xt = sup * 1/2 ||u(t)||L«»(R») + sup ( 1 / / \u\ 2 dydt\ . 

0<t<T x , 0<R 2 <T \ \£>\ x , JO Jb{x,R) J 

Here BMO^ 1 is defined as BMO' 1 except that we only consider balls of size 
and smaller: 

/ i r R2 r \ x / 2 

\\f\\ B MO?= sup 7^7-^7 / / \e tA f\ 2 dydt 

x,0<R?<T \\£>{X, Jo JB{x,R) 

Finally, VMO' 1 := {/ G BMO^ 1 : \\f\\ BMO -i -> as T -> 0}, following the 
notation of [13]. In [T7] and elsewhere, this space is denoted by vino' 1 . 

4.2. Continuous embeddings of majorization spaces. We first define a class of 
majorizing kernels having certain algebraic growth and decay properties, and then 
consider continuous embeddings of the associated majorization spaces. 

Definition 7. A majorizing kernel h G "H e (R n ) behaves (algebraically) at the origin 
as |£| ~ a or blows up (algebraically) at the origin as if there exists an a > 

such that h(£) = 0{\£\~ a ) as £ and \£\~ a = 0(h(£)) as^O. 

Definition 8. A majorizing kernel h G H e (Tl n ) behaves (algebraically) at infinity 
as or decays (algebraically) at infinity as if there exists an u > such 

that h(C) = 0(|£|~ w ) as £ ^ oo and = 0(h{Q) as £ ^ oo. 

Definition 9. A majorizing kernel has radial algebraic growth and decay if 
(1) it behaves algebraically at the origin as for some a > 0; 
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(2) it decays algebraically at infinity as |£| w for some u > 0; 

(3) it is bounded on the complement of any neighborhood of the origin. 

The subclass ofH e (R n ) consisting of those majorizing kernels with radial algebraic 
growth and decay is denoted ^^ w (R n ). 

Note that if h G %a i£J (R n ) then for any A > the elements / G Th satisfy the 
scaling relation 



(16) C x \\f\\ Th < \\\ e h\\r h < C' x 



where f\{x) = /(Ax) and constants C\ and C' x may depend on A. On the other hand 
this property does not characterize "H£, w (R n ). The majorizing kernels discussed in 
Proposition [161 for example, satisfy (|T6|) with C\ = C' x = 1, yet do not belong to 
"H^ w (R n ). Majorization spaces also exist that satisfy ( ITS]) only for certain A; taking 
h(£) = (27r) -1 |£| _1 e~^l G "H^R 3 ) for example, yields a majorization space F h that 
satisfies (USD only for A < 1. In this case, \\\f\\ Th < \\\f x \\r h < A _1 ||/||jr fe . 

Theorem 10. Suppose h G "H e (R n ) blows up at the origin as If < 9 < n/2 

then a < n — 9 , and if 9 = then a < n. 

Proof. Assume h G H e (R n ) behaves as at the origin and is standardized. Then 
a < n lest h * h(£) = oo. Suppose for contradiction a > n — 9. Then 2a > n by 
Theorem [TJ Since = 0(h(£)) as £ — > 0, there exist constants R > and C > 
such that < Ch(£) for all |f j < R. Then for all |f | < R/3 we have 



c>ier-^*Mo>ciier e / 
(17) >c^r 9 



drj 



r,|<2i?./3 \i~V\ a H a 

drj f dt] 



R«|£-77| a M Q J\ v \>2R/ 3 \£-V\ a \V 



C 2 

using the convolution equality * — C 2 |^| _( ' 2Q! ~ n - ) and the estimate 

drj 



,\>2R/3 \£-v\ a \v\ a 



< Cq < oo, 



both of which hold if n/2 < a < n. Then the right hand side of ifPTj) tends to +oo 
as £ — > which contradicts the finiteness of the left hand side. Hence if h(£) behaves 
as at the origin, then a < n — 9. □ 

Theorem 11. If h(£) G H fl (R n ) decays at infinity as then u >n — 9. 
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Proof. Assume h behaves as |£| -tJ at infinity and is standardized. There exists an 
R > and constants C u C 2 such that Ci|f|- W < h{£) < C 2 |^|" w whenever |f | > P. 
Using the fact that 2|£ — rj\ > \r)\ whenever \r)\ > 2|£|, we have for all £ such that 

l£l>#, 

c^| fl ^>|£| fl MO>fc*MO> / h{t - Tt)h(r,)dT, 

J \v\>m 



> 2^C\ [ 
J\v\. 



\ v \- 2uj dr] = C\i\ n - 2u 



i\>m 

This implies 2lo > n and |£| n_2aj = as £ — >■ oo, hence oo > max{n/2, n — 9}. 

The maximum here is superfluous by Theorem [TJ and we have u > n — 6 > n/2. □ 

Given Banach spaces X and Y we write X ^ Y to denote the continuous embed- 
ding of X into Y. 

Theorem 12. Suppose h G U ajU1 {R n ), 9 < n/2 and n > 2. If 9 = 1 then T h ■=— >■ 
PM n-i ^ BMO~ l . I/O < < 1 ; then T h FM"- 9 ^ BMO T x for all T > 0. 

Remark 13. The following intermediate embeddings are also known: for p 6 (n, oo), 
n > 2, 

, , ■ -1+-.0O ! 

PM n_1 m> fi P p e — >■ BMO . 
See e.g. [83 p. 267], [1, p. 228], respectively. For p G (n/0, oo), n > 2, < < 1 and 
< T < 1, we also have 

PM n - e ^ B p p ^ B p p ^BMO? 1 , 
through a suitable modification of [8j Lemma 7.1] and [131 Remark 4.2f.]. ■ 

Recall that for the pair {L q = L q (R n ), U = L r (R n )}, 1 < q,r < oo, the set 
L q + U = {f q + f r : fg G L 9 , / r G L r } becomes a Banach space when equipped with 
the norm 

\\f\\ Lq+L r = inf{||/ ? || i9 + ||/ r || £r :/=/„ + /,}. 

Proof of Theorem\T^ We first consider simultaneously PM n ~ l BMO^ 1 (n > 2) 
and PM"" e m> BMO? 1 , (n > 2, < < 1). Recall / A (x) = /(Ax). By scaling we 
have 

(is) Torn^r/ / \ etA ^ d y dt = mr^vi \e^x e f^d y dt. 

The following estimate holds for all / G PM"~ e , (n > 2, < 9 < 1): 

|e' A /|V)* < ||/ (2) IU 2 + |fi(xo,l)mi/ (oo) ||^<c7||/|| PA/ , l - e |l^llL 1+ L 2 . 

S(xo,l) 7 
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Here h* = \^ n -^ e L l +L 2 and / = /( 2 ) + /(°°) g L 2 + L°°. Applying this estimate 
to the right-hand side of (118]) along with the scaling relation || \ e f\\\pM n - 9 — WfWpM™- 6 
gives 

B MO?<CeT {1 - e)/2 \\f\\ PMn -e, (0<9<1), 

BRIO- 1 < Cg\\f\\ PM n-i, (9 = 1), 

where Cq = C\\h*\\ L i +L 2 depends on 9. Now suppose h G "H^ W (R"), 9 < n/2, 
n>2 and < 9 < 1. Theorems fTUl and fTTl imply sup^ gR n |£| n_0 /i(£) < oo and then 
J= h e — >■ PM n - follows. □ 

Remark 14. Theorems [TOl and [TTI also imply that if h G H° w (R n ), then there exists 
a constant a (depending on h) with < a < 1, such that J-^ c — >■ PM n ~° '. * 



The next theorem deals with embeddings J-^ V^MO -1 , where the latter space 
plays a role in the local solutions analyzed in [13]. We set log + a; = maxjlogx, 0}. 
We write ]_[•] for the indictor function and J 7-1 for the inverse Fourier transform. 

Theorem 15. Suppose h G l-i d a aJ (R n ) , n > 2. If < 9 < 1 t/jen i/jere exists a 
constant Cg (which may depend on 9) such that for all f G Th, T > 0, 

(19) UWbmo^ < CoT^ 2 \\fy h: 



hence Fh c— > VMO 1 . If 9 = then there exist a constant C such that 

(CT^WfW^ ifw>n, 

i20) WfWBMO?< { CT 1/2 (1 + 1 T -l/ 2) l/2 lfu = n 



for all f eJ r h ,T>0, hence J= h m> VMO^ 1 . 

Proof. The proof of Theorem [12] implies (fl~9]) for < 9 < 1 . If # = and u > n then 
/i G L 1 . Then for all / G J-^, A > 0, we have 

r - i 

( / \e tA fx\ 2 dyY < {BiX^XoA^WfxW^ < C||/|U~ < C||/|k ||fc|| L1 . 



Applying this to ( ITS]) gives the first part of fl2TJ]) . If = and a; = n we let 

/a = /f + /|° o) G L 2 + where 

; ( 2) = ^.fl) = ^ i[ |f| > ij] ), /(«) = /JM> = / A i[ |e| < i2] ), 
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and R is chosen so that Ci|£|~ n l[|g|>#] < M£)l[|£l>-R] — ^ 2 \0~ n ^l\^\>R]- Then if 
A < 1 we have 



(f I *a,(2) |2 , \\ <n W(A^Q A~ n /t(A~ 1 Q 

(/ e /a ay) < c sup r~~7~7T~j~T\ su p — tttn — \\ hl im>R} k 2 

/ 1*1 vr A n mA c) i*i>,r h(t) 

-C 2 



^ a-ma-^) \7> R HO 



<c-£\\f\\r h \\hi m>R] \\v, ( A<1 )> 



and 

( / le^r^^W- 1 ^, 1)1511/^11^ 

<cn/ik / Honm<Rn 

^^(l + iogA- 1 )!!/!!^ (A<i). 

Applying these estimates to ([IB]) gives the second part of (I20I) provided T < 1, which 
is sufficient to conclude Th VMO^ 1 . In addition, for T > 1, we have 

\bmo? < CT^/ 2 \\f\\ PMn -„ < CT^ 2 \\f\\ Th < CT^\\f\\ Th , (T > 1), 



T 



on account of the embedding Th ^ PM n a as noted in Remark [TU □ 

4.3. Further properties. Theorems fT2l and fT5l use the fact that if h E r H^ IluJ (R n ) 
then h e L 1 + L 2 . Not all majorizing kernels share this property. Proposition [T6l 
provides a class of counterexamples, making use of the following criterion for L q + L r : 
a measurable function / defined on R n belongs to L q + L r , 1 < q < r < oo if and 
only if for all M > 0, fl[\f\> M ] e L q and fl[\f\< M ] e £ r - 

Proposition 16. Lei n > 2, k > 2 and d < n/2 and partition the coordinate index 
set of R n mto A; blocks: {1, . . . , n} — I\ U • • • U \h\ = di, = n - Define h(£) 
on R n by 

»=l je/i 
w/iere £)J =1 0< = < 0; < dj/2. T/ien ft, e ft*(R n ) and h L 1 + L 2 . 
Proof. For ft as defined above and any set A C R + , we have 

oo oo k 
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where C is a constant depending only on (di, . . . , d^). In particular, 
(21) 

OO OO r 

J^h(Ol[h>m = cJ ••• J (f[rf«- 1 )l[n£ =1 »f'-«'<l]dr 1 ...cir 

n n i— 1 



fc = oo 







so h ^ L 1 + L 2 . On the other hand /i, defined on R n ~ R dl x • • • x R dfe , has the 
form h = Y\i hi with each hi G T-L ei {H di ) so 

h * h{£) <B 1 --- B k \r^ . . . \r k \ e *h{0 < B x ■ ■ ■ B k \{,\%{t) 

and h g W(R n ). □ 

-0+^,00 _ fl 
The next proposition shows how J 7 ^ ■=->■ _B P p , J^h <jt PM n can occur. Follow- 
ing [8j Lemma 7.1], we use the heat semigroup characterization of the spaces B~ a '°°, 
a > via the norm ||/||^-a,« = sup 4 > t a/2 ||e* A /|| LP , (see [TJ p. 72]). 

Proposition 17. Lei n > 2, d < n/2, and suppose h G 'H' ? (R n ) is defined as in 
Proposition [TR Then for all p > n/'d, we have Th ^ Bp' &+(jl ^ p ' > ' cc ' , but for a > 0, 

Proof. First T h <f_ PM a , a > since £l h ^ {0}. Let n/d < p < oo and set q^+p^ 1 = 
1 so that I < q < n/(n — ■&). By the Hausdorff- Young inequality, for all / G Th, 
t > we have 

\\e tA f\\l P <C [ \e-W 2 f(0M 

(22) ^ w)'S ( jT^"^^*) 

k 

< (711/11^. J^t-( d i-(^- e i)g)/2 = (7||/||j- t(~ n+ ( n ~^ q)/2 . 

i=l 

Then sup t>0 t(^)/ 2 ||e iA /|| iP < C\\f\\ Th . □ 
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